We present a study of coherent anti-Stokes Raman scattering (CARS) under focused beam excitation in a planar Fabry-Perot cavity using an image-dipole formalism. We give a comprehensive description of forward-and backward-CARS signal generation by introducing the expressions of the nonlinear induced polarization in the cavity as a function of their counterpart in free space. We show that the cavity gives rise to a backward-CARS signal and allows working with low numerical aperture collection objectives. We finally discuss the influence of the scatterer position in the cavity on the detected signal.
INTRODUCTION
Coherent anti-Stokes Raman scattering (CARS) is a wellknown technique [1] that has found many applications in spectroscopy [2] [3] [4] [5] and microscopy [6, 7] . It is far more sensitive than spontaneous Raman spectroscopy with the advantage of being spectrally immune to linear fluorescence. Nonetheless, this technique lacks the sensitivity of fluorescence, for which single molecule studies are now possible. To overcome this drawback, the use of resonators such as microdroplets [8, 9] or nanoparticles [10] has been proposed and recently Koo et al. [11] have claimed to reach single molecule sensitivity with a surface enhanced CARS setup. While high enhancement rates are reached with these microstructures and nanostructures, it should be noted that it relies on the local enhancement of the electric field. As a consequence, it finds limitations when enhancement is required for objects with large volumes. For these objects, it is thus necessary to work with resonators with large mode volume.
Planar Fabry-Perot cavities [12] are thus good candidates for this task. In the past three decades, following the initial proposition of Purcell [13] , various experiments highlighting the alteration of the radiative properties of emitters by Fabry-Perot cavities have been carried out. The weak or strong coupling between the cavity and the emitters leads to the enhancement/inhibition of the spontaneous emission [14] [15] [16] [17] [18] [19] or Rabi flipping [20, 21] . Enhancement of scattering processes such as linear [22] and nonlinear [23] Raman scattering, second [24] or third [25, 26] harmonic generation, and nonresonant four-wave mixing [27] by Fabry-Perot cavities was also successfully demonstrated. Spontaneous emission radiation pattern modification has been used to improve the extraction of light in semiconductor devices [28, 29] . In all these experiments, the basic effect of the cavity is to tailor the electromagnetic environment of the emitters. In particular, the cavity restricts the number of available radiative modes (compared to the free space) to which the field radiated by the emitters can couple. The cavity thus controls the emitter radiative properties.
Several methods can be adopted to study the emission from objects embedded in a planar structure. Using a matricial formalism, it is possible to predict the extracted power from a dipole embedded in a multilayer structure taking into account the losses induced by coupling to the guided modes [30, 31] . In the case of nonlinear emission, a generalized matricial method that takes into account the potential resonances of the fundamental and harmonic fields in the cavity can be applied [32] . Unfortunately, these methods do not take explicitly into account the spatial structure of the excited dipoles. In the case of excitation with focused beams, as found in microscopy or microspectrometry, the spatial confinement of the excitation is accompanied, for instance, by the so-called Gouy phase anomaly [33, 34] . For this purpose, the image-dipole method [35] [36] [37] [38] , which takes into account the multiple images of the original dipoles by the successive reflections of the light on the mirrors forming the cavity, is well suited to investigate this problem.
This paper is devoted to the theoretical study of CARS emission in a planar Fabry-Perot cavity under focused beam excitation. We implement a vectorial analysis of the far-field CARS signal. The nonlinearly induced dipole based kernel of this model was, for instance, used to study the influence of the Raman depolarization ratio of the investigated medium on the far-field CARS radiation pattern [39] . To investigate the effect of the cavity on the CARS far-field radiation patterns, we couple to this framework the image-dipole method. Recently, Marrocco [40] studied CARS emission in a Fabry-Perot cavity but gave numerical results only in the case of a punctual scatterer located at the center of the cavity. In this particular case, the analysis follows the standard treatment of a single dipole embedded in a cavity. On the contrary, with extended scatterers one has to introduce the coherent nature of CARS. The emission properties of the scatterer are then driven by phase matching considerations. In the case of the field generated in normal incidence, we show that the cavity gives rise to new phase-matching conditions that lead to symmetrical forward and backward signal generation. Then, we study the modification of the CARS far-field radiation patterns as a function of the cavity thickness and extract the CARS signal enhancement in the cavity compared to the free space. This enhancement is studied as a function of the cavity thickness and the numerical aperture (NA) of collection. We show that the cavity gives rise to a backward signal and allows the utilization of collection objectives with relatively low NA. Finally, we study the influence of the object position in the cavity on the emitted signal as a function of its size and show that, provided the signal is collected with a sufficiently high NA, it is quite immune to longitudinal shifts. We would like to point out that all the parameters are chosen according to a viable experimental setup [41] . In particular, we introduce modest values for the mirror reflectance and the excitation NA. They are the result of considerations over the signal stability and the objective working distance. With proper designs, including mirrors with higher reflectance and excitation with higher NAs, one can expect better performances while the underlying physics remains the same. This paper is organized as follows: Section 2 describes the nonlinear medium and gives the vectorial expression of the nonlinear induced polarization involved in the CARS process and gives insight into CARS signal generation in free space. Section 3 focuses on the configuration under investigation, i.e., CARS emitters embedded in a planar Fabry-Perot cavity under focused excitation. Section 4 gives a mathematical insight into the image-dipole method. In Section 5, we give the analytical expression of the CARS intensity generated in normal incidence. For particular values of the cavity optical thickness, this method helps us to find the expressions of the nonlinear induced polarization responsible for anti-Stokes signal emission in the cavity. In Section 6, based on these expressions, we study the phase mismatch properties of the forward and backward emitted CARS signals and show that, for resonant configurations, these signals become equal. In Section 7, we study the CARS angular emission patterns in the case of resonant cavities. We focus on the CARS signal enhancement in cavity relative to the free space as a function of the detection NA. Section 8 is devoted to the influence of the cavity detuning on the collected CARS signal. We discuss several regimes for the signal collection in the context of microscopy. In Section 9, we investigate the influence of the scatterer location in the cavity on the collected signals. We finally conclude this paper in Section 10.
COHERENT ANTI-STOKES RAMAN SCATTERING
Degenerated CARS is a resonant four-wave mixing in which two so-called pump and Stokes fields (at respective angular frequencies p and s ) mix to give rise to a third so-called anti-Stokes field. This process is resonantly enhanced by any intramolecular vibration mode (at angular frequency ⍀ R ) provided p − s = ⍀ R [see Fig. 1(a) ]. For this reason, CARS allows chemical contrast. As a third-order nonlinear optical process, CARS is driven by the ͑3͒ tensor, which is the superposition of a vibrational resonant R ͑3͒ term and an electronic nonresonant NR ͑3͒ term [42] as follows:
The two pump and Stokes fields E p and E s induce at every point r in the medium an oscillating nonlinear polarization (at angular frequency as ) given by
This polarization gives rise to the anti-Stokes field E as at angular frequency as . In a homogeneous isotropic medium in which, at these angular frequencies, only twophoton vibrational transitions are allowed the nonlinear induced polarization is written as [43] 
where xxyy ͑3͒R and xxyy ͑3͒NR refer to respective components of the R ͑3͒ and NR ͑3͒ tensors. The expression of the S͑r , R ͒ vector is given by 
S͑r,
where the notations · and ‫ء‬ stand, respectively, for the scalar product and the complex conjugation and R is the Raman depolarization ratio of the medium probed Raman line.
As mentioned briefly in the Introduction, CARS is a coherent process. Similarly to other coherent nonlinear techniques (second and third harmonic generation microscopies [44, 45] , for instance), the generated signal is dependent on the size and the shape of the scatterer [46] . As schematically depicted in Fig. 1(b) , the resulting antiStokes field emitted in the k direction is the coherent addition of the anti-Stokes fields emitted in the k direction by each nonlinear induced polarization located at point r in the scatterer. It is efficiently generated only if it fulfills phase-matching conditions. In a collinear configuration, where the pump and Stokes beams are focused in the same direction through a common objective microscope [7] , the signal that is generated in this direction is referred as the forward-CARS (Fwd-CARS) signal whereas it is referred as the Epi-CARS signal when it is generated in the opposite direction [see Fig. 1(b) ]. It is noteworthy that the Fwd-CARS signal is always phase matched contrary to the Epi-CARS signal. The latter is efficiently generated only by scatterers that are longitudinally smaller than the anti-Stokes wavelength, a situation for which the phase-matching condition breaks [47] . Spectrally, the coherence mixes the resonant and nonresonant parts of the ͑3͒ tensor, resulting in distorted Raman lines [48] , and many techniques have been aimed at recovering the resonant part of the scatterer ͑3͒ tensor both in microscopy and microspectrometry [49] .
THEORETICAL CONFIGURATION
Through this paper, we will consider the scheme depicted in Fig. 1(c) . A CARS scatterer is set between two flat dichroic mirrors M 1 and M 2 that constitute a Fabry-Perot cavity for the anti-Stokes field. The mirrors are set transparent for the pump and Stokes excitation beams but reflecting for the generated anti-Stokes signal. Such a cavity is ineffective on the pump and Stokes fields. As an important consequence, the vibrational coherence (that oscillates at the angular frequency ⍀ R ) induced by the pump and Stokes fields does not experience the presence of the cavity. The cavity only affects the anti-Stokes field resulting from the inelastic scattering of the pump field by the induced vibrational coherence [see Fig. 1(a) ]. The anti-Stokes field emitted in the cavity thus originates from the selective coupling of the free-space anti-Stokes field to the radiative modes of the cavity. We assume an infinite planar extension for the two mirrors. The pump and Stokes beams are focused into the cavity through a 0.6 NA microscope objective. This moderate NA gives access to a large ͑Ͼ2 mm͒ working distance suitable to cross the mirror thickness. To describe the electrical field at the objective focus, we use the plane-wave decomposition first used by Richards and Wolf [50] and then adapted to focused Gaussian beams by Novotny and Hecht [51] . Here, we assume incident x linearly polarized Gaussian beams with an objective back aperture filling factor equal to 2. With these parameters, the lateral and axial extensions of the excitation volume ʈP ͑3͒ ʈ 2 [see Fig. 1(d) ] equal 0.38 and 2.76 m. The two mirrors forming the cavity are set perpendicular to the optical axis (defined by the common axis of propagation of the incident pump and Stokes beams). The intensity reflectances of the dielectric mirrors for transverse electric (TE) and transverse magnetic (TM) polarization modes are shown in Figs. 2(a) and 2(b) as a function of the wavelength and the angle of incidence on the mirror, with fused silica (refractive index n = 1.45) and an active CARS medium (refractive index n = 1.43: in the case of N,N-dimethylformamide, referred to as DMF) as respective substrate and superstrate. They reproduce the features of HfO 2 /SiO 2 dielectric mirrors with medium reflectance following the scheme of Fig. 1(c) [52] . According to a viable experiment, we fix the pump and Stokes wavelengths to 730 and 814 nm so that the anti-Stokes wavelength is 660 nm (corresponding to the DMF 1414 cm for the TE and TM polarization modes at this particular wavelength are plotted in Fig. 2 (c). They are greater than 80% for k x / k 0 Ͻ 0.4. The active CARS medium inside the cavity is defined by its refractive index of n = 1.43 and its Raman depolarization ratio of R =1/3.
IMAGE-DIPOLE METHOD
The cavity thickness is denoted as e. The center of the cavity along the optical axis and the beam focus in the cavity define, respectively, the origin of the z axis [see Fig.  3(a) ] and the origin of the x and y axes in Cartesian coordinates [see Fig. 3(b) ]. For the sake of generality, we assume that the beam is focused at the M foc ͑0,0,z foc ͒ point.
We are now considering the point M 0 ͑x 0 , y 0 , z 0 ͒, shown in Fig. 3(b) , located in the vicinity of the focus. At this point lies a nonlinear induced dipole p 0 arbitrarily oriented in space [53] . We define its arbitrary phase by 0 . The emission properties of this dipole in the cavity can be rigorously described by the coherent emission of an infinite array of its images [35] . These virtual dipoles are denoted p j (where j is an integer that lies between −ϱ and +ϱ) and are the images of the initial dipole by the successive reflections by the M 1 and M 2 mirrors [see Fig. 3 (a)]. They lie at M j points defined by
and are expressed, as a function of the intensity reflectance R and the reflection phase shift refl of the mirrors, by
where i 2 = −1 and D j is the diagonal matrix defined by
The K coefficient is introduced to ensure that the total power flow radiated by the image-dipole array does not introduce supplementary power compared to the power radiated in free space [38, 54] . With this assumption, our model does not take into account any parametric gain but describes accurately the finite extension of the nonlinear induced polarization. The total power flow radiated by a dipole p 0 in free space is proportional to ʈp 0 ʈ 2 and must be the same in the cavity [55] . As a consequence, the imagedipole amplitude must be renormalized to satisfy this condition. To do so, we assume that the mirror intensity reflectances for the TE and TM polarization modes are constant within the angular range of study. As a good approximation [see Fig. 2 (c)], the mirror intensity reflectances for the TE and TM polarization modes can be considered constant and equal to their value in normal incidence within the angular range defined by k x / k 0 Ͻ 0.4. For higher incidence, the intensity reflectance drops. Nonetheless, for an extended scatterer excited with a 0.6 NA objective, it does not matter because the directivity of the anti-Stokes signal makes the coupling to this higher incidence range rather weak. Consequently, a simple normalized expression for the amplitude of each image dipole can be derived. The total power flow radiated by the array of image dipoles p j is proportional to
where R is the mirror intensity reflectance in normal incidence. This term can be rewritten under the form
Consequently, the normalization factor K takes the value
However, if an excitation objective with higher NA is used or subwavelength scatterers are considered, the radiation pattern is less directive and coupling to higher angles (for which the mirror reflectivity drops) increases. Formally, the assumption under which the reflectivity is constant drops and the field emitted in each k direction, instead of the radiating dipole, has to be normalized independently as a function of the mirror reflectance experienced in this k direction.
To obtain the far field emitted by the cavity in the k direction, the following method is implemented. We start by computing the far field emitted in free space in the k direction E as 0 ͑k͒ by the dipole p 0 . Since the reflectance of the dielectric mirrors is a function of the incident field polarization, we have to decompose the field over its TE and TM polarization components as follows:
where E as 0 TE ͑k͒ is the projection of E as 0 ͑k͒ on the ͑z =0͒ plane. For any TE and TM component of the anti-Stokes field, we determine the intensity reflectances R TE ͑k͒ and R TM ͑k͒, and the reflection phase shifts refl TE ͑k͒ and refl TM ͑k͒ of the mirrors. The ␣ (TE or TM) component of the field emitted by the jth dipole depends on the parity of j and is expressed by
where the vectors k and kЈ differ only by their z component following k z Ј=−k z , and ẑ is the unitary vector along the z axis. The phase is given by
The total field emitted in the k direction by the initial dipole in the cavity is thus the summation over the fields emitted by the image dipoles as follows:
where E as,tot TE ͑k͒ and E as,tot TM ͑k͒ are summed over the E as j TE ͑k͒ and E as j TM ͑k͒ elementary fields. After some algebraic manipulations (see the AppendixA 1), we find for the ␣ (TE or TM) component
͑14͒
Because CARS is a coherent effect, the far field emitted by an object embedded in the cavity is the summation over all the elementary far fields emitted by each nonlinear induced polarization located at point r in the object. These elementary far fields are computed by the aforementioned method.
ANALYTICAL EXPRESSION OF THE FIELD EMITTED IN NORMAL INCIDENCE
As mentioned in Section 2, in a collinear configuration, for objects of a size comparable to or larger than the excitation wavelengths, the Fwd-CARS signal is predominant over the Epi-CARS signal due to respective constructive and destructive interference processes [46] . In the case of a cavity, the initial excitation volume is also imaged by the mirrors in an infinity of fictitious excitation volumes that make the analysis more tedious. In this part, we will show how to restrict our analysis to a single equivalent excitation volume. For the sake of clarity and to give a clear understanding of the basic interference effect that is responsible for the different resonant and antiresonant regimes of the cavity, the analysis will be restricted (in this section and in Section 6) to the cavity emission in normal incidence. The Fwd and Epi far fields emitted in normal incidence (i.e., along the optical axis z) in free space by the nonlinear induced polarization P 0 ͑3͒ ͑x , y , z 0 ͒ are expressed by
where k as = ͉k · ẑ ͉ =2n / as and A is the space independent matrix that couples the far field to the nonlinear induced polarization [46] . Because the exciting fields are focused, the phase 0 of the initial nonlinear induced polarization P 0 ͑3͒ ͑x , y , z 0 ͒ is the sum over the running phase k as z 0 and the Gouy phase anomaly G ͑z 0 ͒ undergone by the antiStokes field due to the focusing of pump and Stokes excitation lasers. This last term is the sum over the Gouy phase anomalies p ͑z 0 ͒ and s ͑z 0 ͒ undergone by the pump and Stokes beams as follows:
The initial nonlinear induced polarization phase thus writes
For convenience, we have omitted the phase owing to the ͑3͒ tensor spectral dispersion. In normal incidence, the TE and TM modes of the field are equivalent and will be omitted in the following. By introducing Eqs. (15) and (16) in Eq. (14), we find the total Fwd and Epi far fields emitted by the nonlinear induced polarization P 0 ͑3͒ ͑x , y , z 0 ͒ set in the cavity as follows:
where e = k as e =2ne / as is the phase of the anti-Stokes wave after a single trip in the cavity. Equations (19) and (20) can be simplified if e − refl = m / 2, where m is an integer. We can find three different regimes for the cavity. For the sake of clarity, only the first images are represented although an infinity of images has to be taken into account.
In the first regime, m is a multiple of 4 and the Fwd and Epi far fields are given by
͑21͒
To obtain this result, we make the assumption that R is high enough to allow 1 + R Ϸ 2R 1/2 be valid. As we use mirrors defined by R =87% in normal incidence, this assumption is valid (the relative error is around 0.2%). The cavity is resonant for the anti-Stokes wavelength in normal incidence and is called a "cos-type" cavity [56] . For this cavity configuration, the emitted anti-Stokes field can be highly enhanced (compared to the free space) provided the emitter is located on a maximum of the cavity internal field. The Fwd and Epi far fields seem to be emitted by two free-space emitters whose equivalent polarizations are, respectively, given by
Recalling Eq. (18), the phases of the two equivalent polarizations can be written as
The second regime is reached when m is even but is not a multiple of 4. Here, the Fwd and Epi far fields are written as
where we have assumed once again that 1 + R Ϸ 2R 1/2 . The cavity is also resonant for the anti-Stokes wavelength in normal incidence and is called a "sin-type" cavity [56] . It leads to the same potential enhancement of the antiStokes field. In an equivalent way, the Fwd and Epi far fields seem to be emitted by two free-space emitters whose equivalent polarizations are given by
We can express their respective phases by
Finally, the third regime is obtained for odd values of m. The Fwd and Epi far fields are given by
In this particular case, only one kind of equivalent polarization,
is necessary to represent the Fwd and Epi far fields. The cavity here is antiresonant for the anti-Stokes emission in normal incidence. The emitted fields have exactly the same structure as in free space except for their strong attenuation.
NORMAL INCIDENCE SIGNAL AND OBJECT SIZE
We consider now an object with a finite extension (i.e., nonpunctual). In this section we again restrict our analysis to the direction normal to the Fabry-Perot cavity and we use the results of Section 5. The previous analysis allows us to associate each point of the object with two equivalent polarizations responsible for Fwd and Epi farfield emission. For the aforementioned resonant and antiresonant configurations of the cavity, we plot the equivalent nonlinear induced polarization amplitude in the ͑y =0͒ plane for the considered 87% reflectivity mirrors in Fig. 4 . For an antiresonant cavity [ Fig. 4(b) ], the amplitude of the equivalent nonlinear induced polarization is inhibited compared to the free space. For the two resonant cavities [Figs. 4(c) and 4(d)], it is spatially modulated and its maxima are enhanced compared to the free space Fig. 4(a) . The observed fringe patterns for these two configurations of the cavity are shifted by as /2n. The to-tal far field emitted in a particular direction is the sum over the coherent fields emitted in this direction by each nonlinear induced polarization located at each point in the object. The efficiency of this spatial interference is related to the phase matching between the emitted antiStokes field and the excitation. In other words, for any point M͑x , y , z͒, it is related to the difference ⌬ between the nonlinear induced polarization phase ͑x , y , z͒ and the emitted anti-Stokes field phase ±k as z (where + and Ϫ respectively, refer to Fwd and Epi emission). For CARS emission in free space, we obtain by the mean of Eq. (18),
Because the equivalent Gouy phase anomaly G is comprised between − / 2 and / 2 over the excitation volume, the CARS generation is always constructive in the Fwd direction. For Epi generation, the presence of the 2k as z term makes it destructive and, Epi signal is only efficiently generated by small objects (with small axial extension compared to the anti-Stokes wavelength) [47] . In the case of an antiresonant cavity the phase mismatches in the Fwd and Epi directions are similar to the ones in free space. The CARS generation is thus constructive and destructive in the Fwd and Epi directions, respectively.
Nonetheless, we must remember the weakness of the equivalent nonlinear induced polarization in this case (2 orders of magnitude less than in the case of free space, as depicted in Fig. 4 ). For the aforementioned cos-type cavity, the phase mismatch seen by the generated antiStokes fields is written as
For the Sin-type cavity, it writes
At first sight, for these two resonant cavities, we are in a situation for which the CARS generation by the extended object is destructive in both the Fwd and Epi directions. Nonetheless, we have to keep in mind that the equivalent nonlinear induced polarization amplitudes are maximal when the sine or cosine functions equal Ϯ1. The corresponding values of k as z are ± / 2 for the Sin-type and 0 or for the cos-type cavities. All in all, the previous expressions can be simplified as follows: ⌬͑Fwd͒ = ⌬͑Epi͒ = G ͑z͒ if cos͑k as z͒ ± 1 or sin͑k as z͒ ± 1.
͑40͒
Fwd and Epi-CARS signal generation is now constructive when the cavity is resonant. The cavity makes the Fwd and Epi-CARS signal generation symmetric. It is noteworthy that the apparition of the Epi-CARS signal is due to the spatial redistribution of the Fwd-CARS signal initially emitted in free space. It thus impairs the ability of the Epi-CARS scheme to selectively detect subwavelength objects [47] .
We now illustrate the emission properties of the cavity for the aforementioned antiresonant and resonant configurations. We consider an active CARS emitter with transverse dimensions ͑2 ϫ 2 m͒, that are larger than the lateral extension of the excitation volume generated by 0.6 NA focused pump and Stokes beams, as depicted in Fig. 1(b) . This CARS emitting object is always centered in the cavity and its axial length increases from 0 to 8 m.
In Fig. 5 , we plot the enhancement of the Fwd-CARS signal emitted in normal incidence for cos-type (solid blue line), sin-type (dotted black line) resonant, and antiresonant (dashed red line) cavities, compared to the emission in the free space. The quantity L opt = ne stands for the op- tical thickness of the cavity. For the considered mirrors, the cavity leads to a tenfold enhancement of the Fwd-CARS signal in normal incidence at resonance when the object is long compared to the anti-Stokes wavelength. When the object length is less than as , the Fwd-CARS enhancement is dependent on the resonant cavity type (cosine or sine). Owing to the location of the object at the center of the cavity and to the presence of the cosine or sine functions in Eqs. (22), (23), (27) , and (28), the equivalent nonlinear induced polarization in the central part of the object is, respectively, strong or weak when the object is embedded in a cos or sin-type resonant cavity. For an infinitely thin length, the Fwd-CARS signal experience a 10 2 or 10 −4 -fold enhancement. For an antiresonant cavity, the Fwd-CARS signal undergoes the same enhancement (around 10 −3 ), independent of the object length, in accordance with our previous analysis [see Eq. (33) ]. In virtue of the symmetrization property discussed previously, the Epi-and Fwd-CARS signals emitted in cavity are equal for the cos-and sin-type resonant cavities.
TOTAL SIGNAL AND OBJECT SIZE
In Section 6, we have seen that high enhancement of the CARS intensity is allowed in normal incidence. Nonetheless, for practical applications, we have to consider the total signal emitted over an arbitrary angular range. This range is fixed by the NA of the collection objective in microscopy. We discuss in this section the enhancement allowed by the cavity for the integrated angular signal. To do so, we perform an angular analysis of the CARS signal emitted by the cavity, using the numerical scheme presented in Section 4. According to Eq. (14) , resonances occur for the TE and TM modes of the anti-Stokes field emitted in the k direction when the condition
where m is an integer and ␣ refers to TE or TM, is fulfilled. In this case, the anti-Stokes field is strongly enhanced. Following the parity of m, the resonance is referred as a cos-type (even value of m) or sin-type (odd value of m) resonance. If this condition is not fulfilled, the anti-Stokes field is strongly inhibited. As an example, we compare in Fig. 6 the Fwd-CARS far-field radiation patterns in free space [ Fig. 6(a) ] and in a cos-type resonant cavity for a 2 ϫ 2 ϫ 8 m CARS emitting object. This CARS emitting object is larger than the CARS excitation volume generated by 0.6 NA focused pump and Stokes beams and its emission properties thus mimic a bulk medium. In free space, the Fwd-CARS signal is generated within an angular cone for which the NA is roughly equal to the excitation (0.6 NA) [57] . Compared to the free space, the radiation pattern in cavity exhibits a central spot and surrounding rings that map the directions for which the cavity is resonant. Moreover, the rings are efficiently generated within the same angular cone as in free space. The radiation patterns in both cases are not rigorously circularly symmetric, an effect due to the linear polarization of the incident exciting beams (arrows in Fig.  6 ). The computation time of such two-dimensional patterns is prohibitive [58] and since the anisotropy of the far-field radiation patterns is small, in the following we have only computed the radiation patterns along the k x direction ͑k y =0͒ and assumed circularly symmetric farfield radiation patterns for the computation of the total CARS emitted power flow. We note that the only situation in which this approximation may fail is when the total signal emitted by the cavity is computed when the last emission ring angle matches the collection NA. The analysis of the CARS signal as a function of the length of an object can be now extended to any angular direction. We come back to the emitter with transverse dimensions ͑2 ϫ 2 m͒ studied in Section 6. We plot in Fig.  7 its Fwd and Epi far-field radiation patterns along the k x direction in free space [ Fig. 7 (a) and 7(b)] and in a costype resonant cavity [ Fig. 7(c) and 7(d) ] as a function of its axial length. In free space, the CARS signal generation is nonsymmetric. In contrast, the cavity makes the Epi and Fwd radiation patterns symmetric for any object length, as discussed in Section 6 in the case of emission in normal incidence. Moreover, in directions for which the cavity is resonant (for k x / k 0 = 0, 0.35, and 0.55), the signal is enhanced compared to the free space. We can extract the collected Fwd-and Epi-CARS power flow P as a function of the object length and the collection NA from these radiation patterns. The total power flow P͑⍀͒ collected over the ⍀ solid angle is expressed by
which can be recast as a function of the angle between the optical axis and the direction of emission k under
After introducing the component k x = n sin͑͒k 0 (where nk 0 = k as ) of the k vector and some basic calculations, we obtain
The quantity k x max is related to the collection NA by the relation NA= k x max / k 0 . The collected Fwd-and Epi-CARS signals as a function of the object length and the collection NA are plotted in Fig. 8 . They are normalized with respect to the Fwd-CARS signal emitted by a 8 m long object in free space and collected by a 0.6 NA objective. As well-known features, in free space, the Fwd-CARS signal increases with the object length and the collection NA, and the oscillating Epi-CARS signal decreases (after reaching a maximum) with the object length [46] . In the case of CARS generation in the cavity, the similar Fwdand Epi-CARS signals increase with both the object length and the collection NA. Nonetheless, the maximal Fwd and Epi signals that can be extracted with the cavity are slightly less than 50% of the maximal Fwd signal extracted in free space. It is easily explained by the equal cavity redistribution in Fwd and Epi directions of the initially Fwd-generated signal (in free space). Because the energy emitted by the cavity is concentrated into rings, the collected Fwd-and Epi-CARS signals undergo "jump" when the collection NA increases. Such jumps occur when the collection angle coincides with the angular direction of an emission ring (for k x / k 0 = 0.35 and 0.55 in our case) [59] . This property is interesting because it potentially allows using collection objectives with lower NAs to collect an equivalent amount of signal. For an amount of desired collected signal, it can be useful to choose a collection NA just above a jump. As an illustration, we compare in Fig. 9 the collected Fwd-and Epi-CARS signals in free space and from the cavity as a function of the object length for several fixed collection NAs. These plots correspond to the cuts along the dashed lines in Fig. 8 . They are normalized with respect to the Fwd-CARS signal emitted by a 8 m long object in free space and collected by a 0.6 NA objective. For highest collection NAs ͑NA= 0.3, 0.45, 0.6͒, the collected Fwd-CARS signal is lower in cavity than in free space. With such values of the NA, the Fwd-CARS signal is mostly collected in free space. The cavity thus does not improve the signal collection. Moreover, half of the initially Fwd-emitted CARS signal is now radiated backward. The real gain of the cavity can be seen when a low collection NA is used ͑NA= 0.1͒. In this case, the collected Fwd-CARS signal is tenfold enhanced compared to the free space (with a similar collection NA). On the other hand, the detected Epi-CARS signal is highly enhanced, an effect due to the very weak Epi-CARS signal generated in free space by extended objects and the redistribution of the Fwd-CARS signal by the cavity. In the same way, we can also revisit the Epi-to Fwd-signal ratio as a function of the object length. This ratio is plotted in Fig. 10 . The ratio in free space decreases with periodical oscillations as a function of the object length as previously pointed out [46] . In a cavity, it is constant and equal to unity. The cavity thus allows us to use a simplified Epi detection scheme even for detecting large objects.
TOTAL SIGNAL AND CAVITY DETUNING
Our analysis of the CARS signal modification by the cavity has been carried out assuming a fixed cavity optical thickness ͑L opt =20 as ͒. The number of emission rings by a Fabry-Perot cavity increases with the cavity optical thickness, an effect directly derived from Eq. (41). We can now study the influence of the cavity optical thickness L opt on the extracted signal. Moreover, the cavity optical thickness may experimentally undergo fluctuations ⌬L opt (with ⌬L opt Ӷ L opt ) that have repercussions on the output CARS signal. We complete here our analysis by a study of these signal variations as a function of the cavity optical thickness. To do so, we plot in Fig. 11 the evolution of the CARS far-field radiation patterns along k x in a cavity as a function of the cavity optical thickness detuning ⌬L opt compared to its nominal optical thickness L opt . Resonances in normal incidence ͑k x =0͒ are observed for every half-multiple of the anti-Stokes wavelength. For any value of the detuning, CARS emission is observed in particular directions (for which resonances occur). The number of emission rings increases with the cavity optical thickness at the same time as the rings become angularly narrower. From these diagrams, we can extract the col- Fig. 8 . The Fwd-and Epi-CARS signals generated in the cavity (solid black lines) are compared to the Fwd-and Epi-CARS signals generated in the free space (respectively, dashed blue and dotted red lines). All the signals are normalized with respect to the Fwd-CARS signal emitted by a 8 m long object in free space and collected by a 0.6 NA objective. The object and the exciting lasers (focused through a 0.6 NA microscope objective) are centered into the cavity. The object's refractive index is n = 1. 43. lected signal as a function of the cavity detuning and the collection NA, and thus compute the signal enhancement by the cavity. In Fig. 12 , we plot the collected Fwd-CARS signal enhancement (compared to the signal emitted in the free space and collected with an equivalent objective NA) as a function of the cavity detuning for several values of the collection NA and the nominal optical thickness of the cavity. The sensitivity of the collected signal to the cavity detuning inversely scales with the number of collected rings. For a fixed collection NA, it decreases for large cavities as more rings are collected. For high collection NAs (NA= 0.45 and 0.6), all the emitted rings are collected so that the Fwd-and Epi-CARS are weakly sensitive to the cavity detuning. A constant regime is found for large cavities ͑L opt = 100 as ͒. Nonetheless, in this particular regime, the Fwd-CARS signal is not enhanced due to the Fwd and Epi radiation pattern symmetrization. Note the shift (compared to the resonances in normal incidence) toward the longer cavity side of the collected signal peaks. For a low collection NA ͑NA= 0.1͒, the Fwd-CARS signal is enhanced for every resonance of the cavity in normal incidence. This enhancement is all the more strong as the cavity is short.
OBJECT LOCATION AND TOTAL SIGNAL IN A RESONANT CAVITY
In our analysis, we have assumed so far that the object was always centered in the cavity. Owing to its planar structure, the cavity confines the field longitudinally only. As a result, any transverse shift (along the x and y axes) of the object in the cavity has no effect on the generated far-field radiation pattern (we assume that the excitation volume is always centered on the object). However, one expects it is not true when the object is shifted along the optical axis (z axis). As pointed out in Section 5 in the case of signal generation in normal incidence in a resonant cavity, the nonlinear induced polarization responsible for Fwd-and Epi-CARS signal generation in the cavity is as /2n periodically modulated. The signals generated by an object of longitudinal extension L thus depend on its longitudinal shift z obj compared to the cavity center. We consider here an object with transverse dimensions ͑2 ϫ 2 m͒ placed in a L opt =20 as resonant cos-type cavity and we envisage three cases: L is small compared to as /2n [ Fig. 13(a) ], L is comparable to as /2n [ Fig. 13(b) ], or L is large compared to /2n [ Fig. 13(c) ]. The Fwd-and Epi-CARS far-field radiation patterns of each of these CARS emitting objects are expected to be directly dependent on their overlap with the excitation (we assume that the excitation is always centered on the object).
The Fwd-and Epi-CARS far-field radiation patterns of the very thin object [ Fig. 14 ring intensity is maximized for z obj = as /4n. In the second case [ Fig. 14(b) ], L is comprised between as /2n and as / n. Because the object always overlaps with at least one maximum of the as /2n periodical excitation, the intensities emitted in normal incidence and off axis never drop to zero. However, the intensities emitted for even order resonances (normal incidence and second ring) are maximized for z obj = as /4n because, for this particular value of the position shift of the object in the cavity, the object overlaps with two maxima of the excitation (against one maximum when z obj =0 or as / n). This observation can be easily generalized to any value of L by stating that, in the case of a cos-type resonance (the conclusions must be reversed in the case of a sin-type resonance), if L is comprised between p as / n and ͑2p +1͒ as /2n (where p is an integer), the maximal intensity is generated for z obj =0 or as /2n [Figs. 14(a) and 14(c)], and if L is comprised between ͑2p −1͒ as /2n and p as / n, the maximal intensity is generated for z obj = as /4n [ Fig.  14(b) ]. In the last case [ Fig. 14(c) ], L is large compared to as /2n and for any value of z obj , the object overlaps with many maxima of the excitation, resulting in a weak modulation of the intensities emitted in normal incidence and off axis. The sensitivity of the Fwd-and Epi-CARS detected signals to the object shift in the cavity depends essentially on the collection NA [ Fig. 14(d) ]. Here, we quantify this sensitivity through the ratio S min/max of the minimum to the maximum of the collected signal when the object is shifted by as /2n in the cavity. If the collection NA is small (0.1 NA), only the signal emitted in the central emission peak is collected and S min/max can be very low, especially in the case of a very thin object. If the collection NA is high enough to collect emission rings (0.45 and 0.6 NA in the chosen configuration), the detected signals are far less sensitive to the object position in the cavity because a strong signal is always collected, either from the central emission peak and the second ring, or from the first ring, due to the respective cos and sin nature of these resonances. For instance, values as high as 0.86 can be reached when the signal emitted by a very thin object is detected with a 0.6 NA microscope objective. For a similar collection NA, S min/max easily reaches 0.95 for thicker objects. In particular, the signal emitted by the aforementioned object of axial extension L =8 m exhibits no dependence on its shift in the cavity, even with a very low collection NA (not shown). Note the as /2n pseudoperiodicity of these curves owing to the fact that the Fwd-and Epi-CARS far-field radiation patterns are independent of the object shift in the cavity when L = p as /2n (where p is an integer). 
CONCLUSION
Through this paper, we have investigated CARS generation in a Fabry-Perot cavity using an image-dipole picture. This method is particularly relevant in the case of focused excitation, for which the structure of the excitation is spatially complex, and couples naturally to our previous description of CARS generation in free space in terms of source dipoles. It retrieves the nonlinear induced polarization in the cavity as the function of its counterpart in free space and the intrinsic parameters of the cavity. In this way, the efficiency of CARS generation in a cavity is easily understood in terms of enhancement/ inhibition of the initial polarization and of phase mismatch properties. In particular, we show that for resonant cavities, the Epi-and Fwd-CARS signals are now symmetric, an interesting property in the context of CARS signal detection. The ring structure of the generated signal is also an interesting property for signal detection as it increases the signal angular density and relaxes the constraint on detection objectives with high NA. Furthermore, we have extended the analysis to the case of nonresonant cavities and found that, for a certain range of cavity thickness and collection NA, the signal can experience enhancement (that is subject to potential improvement with mirrors with higher reflectance) for specific cavity optical thicknesses. In a final study, we have demonstrated that the position of the CARS emitting object in the cavity has no substantial influence on the detected signals provided that several emission rings are collected. Overall, this study illustrates once again the influence of the electromagnetic environment on photonic emission and may find application in spectroscopy and microscopy for enhancement of the CARS detected signal.
Note added. While completing this paper, we learned of a closely related work on CARS microscopy in a microcavity [60] .
APPENDIX
In this appendix, we develop the calculations that lead to the expression of the cavity anti-Stokes field emitted in a direction k by a single dipole for the ␣ (TE or TM) mode as expressed by Eq. (14) . The total cavity field E as,tot Note that the contribution from the initial nonlinear induced polarization is included in the even contribution to the total field. After introducing Eq. (11) in Eq. (A2), we obtain the total field emitted by the even images of the initial nonlinear induced polarization as follows: 
E as,tot,2p
␣ ͑k͒ = K exp͑i 0 ͒ ϫ ͭ 1 1 − R ␣ ͑k͒exp͕2i͓ek · ẑ − refl ␣ ͑k͔͖͒ + R ␣ ͑k͒exp͕− 2i͓ek · ẑ − refl ␣ ͑k͔͖͒
